We consider the phenomenology of glueball production and decay in theories with hidden glue. We focus on the case of folded supersymmetry (FSUSY) , where there is an unbroken SU (3) gauge theory in the absence of light matter, leading to the formation of glueballs. We study their production through the annihilation of folded squarks into hidden gluons at the LHC, and model their fragmentation into glueballs. We obtain the distribution of displaced vertices, which is directly determined by the folded squark mass scale. Although here we specifically apply it to FSUSY, the procedure to model the hidden glue fragmentation into glueballs can be generalized to other similar theories.
Introduction
The discovery of the Higgs boson [1, 2] completes the spectrum of the standard model (SM). It also confirms its validity at the weak scale, where the gauge interactions have been tested with great precision, and now the Higgs sector responsible for electroweak symmetry breaking appears to be just as in the SM. It is clear that there are still many questions left to answer. Among them, the origin of dark matter, the large hierarchy of Yukawa couplings, the origin of neutrino masses and of the matter-anti-matter asymmetry. However, the question that potentially limits the validity of the SM the most is that of the stability of the weak scale as defined by the Higgs sector. Since in the SM the Higgs potential is not protected by any symmetry, it is highly sensitive to ultraviolet (UV) scales. This can be seen by considering the loop contributions of various SM states to m 2 h , resulting in quadratic sensitivity to the UV. In particular, since the top quark is the state that couples the most to the Higgs boson its contribution to m 2 h determines the tuning of the Higgs mass counterterm for a given value of the UV cutoff. In order to avoid large tunings the SM cutoff should not be too far above the TeV scale. Thus, the absence of signals for physics beyond the SM constitutes a problem: the SM must be highly tuned.
Extensions of the SM that address the Higgs sector UV sensitivity do so by introducing a symmetry that protects the Higgs mass. For instance, in supersymmetric extensions [3, 4] , super-partners of the SM states -particularly of the top quark-are responsible to cancel the quadratic UV sensitivity of m 2 h . These are the (left and right-handed) scalar partners of the top quark, the stops. On the other hand, in theories where the Higgs is a composite state its mass is typically protected by a global symmetry, which is spontaneously broken and has the Higgs as one of its pseudo-Nambu-Goldstone bosons (pNGBs) [5, 6] . In these theories, the symmetry partners of the top quark are fermions that together with the top form representations of the global symmetry group. The fact that none of these new states have been seen, either directly or through their indirect effects, puts stringent bounds on their masses, pushing the SM cutoff to higher scales. Given these bounds, these extensions of the SM are beginning to suffer their own fine-tuning problem. In particular, the bounds on the masses of the top quark partner make their crucial cancellation of UV sensitivity less efficient.
In most extensions of the SM mentioned above, the top partners carry SM SU (3) color. However, it is possible to significantly alleviate the tuning of extensions of the SM in models where the top partners are not charged under the SM color gauge group. These theories, grouped under the name of neutral natural models, mimic the SM extensions described above. For the case when the Higgs is a pNGB, colorless top partners are present in the Twin Higgs [7] and Quirky Little Higgs [8] models. When the symmetry protecting the Higgs mass is supersymmetry, this can be realized in Folded Supersymmetry [9] . Many more recent realizations of these ideas exist in the literature [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] In Folded Supersymmetry (FSUSY), just as in the other neutral natural models, there is an unbroken SU (3) gauge group surviving at low energies, folded color. The folded superpartners of the SM quarks, f-squarks, are charged under this symmetry, not the SM color group. The minimal low energy theory contains the SM and the f-squarks including the f-stop responsible for stabilizing the weak scale. In addition, since the lightest matter states charged under f-color are very massive (with f-quarks in the hundreds of GeV), the only light hadrons of the unbroken f-color group are f-glueballs. These states, once produced cannot be detected, with the notable exception of states that mix with the Higgs through a top partner loop. Then once produced, the lowest lying 0 ++ f-glueballs will decay back to SM states with large lifetimes, potentially resulting in highly displaced vertices. The production of f-glueballs in rare decays of the Higgs have been studied in Ref [20] .
Here, we will be interested in the f-glueballs coming from the annihilation of electroweakly produced f-squark pairs. As shown in Ref. [21] , when f-squarks are produced they cannot hadronize and must de-excite by shedding soft radiation until they annihilate, mostly into f-gluon pairs. In turn, these will hadronize into f-glueballs [22] . Assuming that a significant fraction of these f-glueballs will be in the 0 ++ ground state, they can decay back to the SM via higher dimensional operators. Here we are interested in calculating the distribution of displaced vertices that results from this process. For this purpose, we will need to model the fragmentation of gluons into glueballs in the hidden sector. Since the f-squark masses are much larger that the scale where the f-color interaction becomes strong, the f-glueball mass MG is expected to be considerably smaller that the f-gluon energy. Then, the fragmentation process is important in determining the pattern of displaced vertices generated by each hard f-gluon.
Although here applied to the specific case of FSUSY, the modeling of the fragmentation function we perform generally applies to theories with hidden glue where matter is much heavier than the hadronization scale. Thus, we expect that with only minor changes, the fragmentation functions found here can be used to study the displaced vertex signals of other hidden glue scenarios with glueballs such as the fraternal twin Higgs [12] , the quirky little Higgs [8] , the vector-like Twin Higgs [16] , the hyperbolic Higgs [18] , a singlet-scalar top partner [19] ; as well as any realization of hidden valley models [23] [24] [25] where glueballs are the lightest hadron in the spectrum [26, 27] . A better understanding of the fragmentation process into glueballs in these well-motivated scenarios will allow us to test them at current experiments and even in dedicated new proposed ones [28] .
The rest of the paper is organized as follows: in the next section we review general aspects of FSUSY and define the parameters of the theory. In section 3 we set up the phenomenology of f-squark production and its posterior annihilation into f-gluon pairs, as well as the general aspects of the glueball lifetime. In section 4 we model the fragmentation function of f-gluons into f-glueballs and obtain the distribution of displaced vertices in a variety of situations. Finally, we conclude in section 5.
Hidden Glue in Natural Extensions of the Standard Model
In this section we will focus on FSUSY in order to provide a complete example of the glueball parameters necessary to study the phenomenology of the associated hidden glue. In particular, we need to understand the relationship between the glueball mass and the matter spectrum of the theory. In FSUSY, this is given by the f-squarks.
The aim of FSUSY is to solve the little hierarchy problem, i.e. the already large gap between the weak scale and the scale of new physics that is implied by the current bounds on new particles from the LHC as well as indirect observables. In particular, since the top quark contribution to m 2 h is the largest, it determines the tuning of the SM extension. In the typical weak scale supersymmetric models, this means that the stop mass cannot be too large. The tension arises from the direct bounds on squark and gluinos from the LHC, which are typically already above a TeV [29, 30] . The way FSUSY addresses this is by having a low energy spectrum where there are squarks that are not charged under QCD, and not having gluinos. The relevant Yukawa terms are
where the indices A and B refer to the SM QCD gauge group SU (3) A and another SU (3) B gauge group under which the scalars are charged. In (2.1) q A is the third generation quark SU (2) L doublet and h U is the up-type Higgs doublet. It is clear that this form of the Yukawa sector does not contribute quadratic UV sensitivity to m 2 h , just as is the case of typical weak scale SUSY models such as the minimal supersymmetric SM (MSSM). The crucial difference is that the scalar top partners here do not carry QCD charges and therefore can only be electroweakly produced at colliders. It is possible to obtain (2.1) in UV completions in five-dimensional (5D) theories where SUSY is broken by Scherk-Schwarz boundary conditions [9] . The gauge symmetry is SU (3) A × SU (3) B × Z AB , where Z AB is a discrete symmetry that exchanges the A and B indexes. In the 5D construction the theory is supersymmetric in the bulk. The Scherk-Schwarz SUSY breaking implements the orbifold projection necessary to obtain the desired low energy spectrum: quarks charged under SU (2) A and squarks charged under SU (3) B , the f-squarks. Besides the QCD-charged squarks, the orbifold procedure gets rid also of gauginos, including gluinos. Then, as advertised, we have the spectrum necessary to stabilize the little hierarchy without introducing new states charged under the SM color.
In addition to f-squarks, the minimal necessary FSUSY low energy spectrum includes an additional unbroken SU (3) B gauge interaction. Since the lightest matter fields charged under SU (3) B are the f-squarks, which are hundreds of GeV (see below), the low-lying hadron spectrum of this new strong interaction is populated by glueballs.
The heavy matter charged under a new unbroken non-abelian gauge interaction, in this case SU (3), are generically called quirks if fermionic or squirks if scalar. Their phenomenology was studied in [31] and further in [32, 33] . The case of f-squarks was first studied in Ref. [21] , where it is shown that after being produced through electroweak interactions they will form a flux tube that emits soft radiation, and eventually will come back to annihilate. All of this process is prompt and results mostly into a pair of hard f-gluons, which will then hadronize into glueballs. This will be the process of interest for us in the rest of the paper. However, if we consider the production through the charged current then the preferred annihilation channel is into W ± γ. This leads to bounds on the left-handed f-squark masses [34] which for the LHC Run I were just below 500 GeV. The right-handed f-quarks are somewhat lighter since soft masses are generated by finite loop corrections dominated by the gauge interactions [35] . We will then focus on the glueballs generated by the annihilation of these f-quarks, although much of what will do can also applied to the left-handed squarks.
The cross section for pair production of right-handed f-squarks at the LHC with √ s = 13 TeV is shown in Figure 1 as a function of the f-squark mass. In the minimal F-SUSY realization the f-squark soft masses are determined by finite loop effects [35] , mainly from gauge interactions. Only the third generation doublet and the right-handed top f-squarks are significantly affected by Higgs loops. Assuming this holds in more general scenarios we take
only excluding the right-handed f-stop. Furthermore, the left-handed f-squarks are heavier due to the additional contributions coming form the SU (2) L sector [9] . So here we consider the production of the lighter degenerate right-handed f-squark sector excluding the f-stop. This will give us a baseline to obtain estimates of glueball production.
Once pair-produced, the f-squarks fly apart but they cannot hadronize due to the absence of light f-colored matter. The ensuing process of de-excitation has been studied in detail in Ref. [21] . After shedding some soft electromagnetic and f-glueball radiation, the pair forms a s-wave f-squarkonium, which then decays either to f-gluons or to a lesser extent back to SM fermions or gauge bosons. The charged pair production through an s-channel W ± was studied in [34] . In this case the left-handed f-quarks decay back preferentially to W ± γ, resulting in bounds on mq L . The current bounds vary from 320 GeV to 465 GeV extracted from the 8 TeV ATLAS data [36] , where the range corresponds to considering one to three generations of left-handed f-squarks.
Right-handed f-squarks are expected to be lighter. However, since there main decay mode is into glueballs, at the moment we lack any bounds on their masses. In these cases the annihilation of f-squarks after they are pair-produced and they come back together, is expected to overwhelmingly go into a pair of f-gluons, with each of them hadronizing to a number of glueballs. Below we will model this hadronization process. Once produced, folded glueballs would escape detection unless they decay back to SM states. This has been shown to happen through Higher dimensional operators induced by the Higgs first in Ref. [12] in the context of the Fraternal Twin Higgs (FTH) model, and later applied also to FSUSY in Ref. [20, 22] . This will allow us to compute the glueball lifetime, which together with the fragmentation function will result in a distribution of displaced vertices. The main parameter needed to compute both the fragmentation function and the decay of glueballs is their mass. This is largely determined by the infrared scale defined by the hidden glue interactions, Λ IR . In turn, this requires knowledge of the spectrum of states charged under the hidden glue up to a U V scale. In the case of FSUSY, this means knowing the f-squark spectrum up to the scale where supersymmetry is restored, which we call Λ UV . This will give us the running of the hidden glue SU (3) B coupling, α F (q 2 ), with the U V boundary condition
which is a Z 2 -preserving UV boundary condition. In [9] the FSUSY low energy spectrum was UV-completed by a flat compact extra dimension, which was used to break supersymmetry at the compactification scale 1/R by the Scherk-Schwarz boundary conditions. The f-squark soft masses then are generated by gauge loops of size 1/R [35] , as mentioned above. This gives a minimal way to generate the soft masses and in principle there could be additional (localized) supersymmetry breaking sources changing these soft masses. However we will assume that these would not break the relation between left-and right-handed squark 
masses, which is approximately given by
where we are using Λ UV = 1/R, we are neglecting terms of order g 2 , and k 2.1 is computed in the extra dimension UV-completion [35] . Then, even if we do not make detailed assumptions about supersymmetry breaking, we can compute α F (q 2 ) for a given Λ UV and mq R . We use this relation to compute the evolution of α F (q 2 ) with the boundary condition (2.3) in order to obtain Λ IR . Finally, we estimate the lowest lying 0 ++ glueball mass making use of the approximate relation
which has been observed to hold in QCD [12, [37] [38] [39] . The 0 ++ state can decay back to SM states through its mixing with the Higgs boson. Heavier states, such as the 2 ++ , the 0 −+ , etc., will also be produced in the folded gluon fragmentation process, but they would escape detection. We will then focus here on the fragmentation and decay properties of the 0 ++ glueballs. Assuming the spectrum is approximately degenerate across generations we can then compute MG as a function of mq R . For instance in Figure 2 we show the 0 ++ glueball mass for typical values of the UV cutoff Λ UV . We see that folded glueball masses are typically (12 − 20) GeV range for the interesting values of mq R . This gives us an estimate of the relation between MG and the typical folded gluon energy fragmenting into glueballs, which we will use in the next section to model the fragmentation function.
Glueball Fragmentation
We are interested in modeling the fragmentation of energetic f-gluons (resulting from either f-squark annihilation or even from rare Higgs decays) into folded glueballs. In this section we lay the groundwork for this in a generic way that should mostly applied to other examples with hidden glue sectors resulting in glueballs. In general, the fragmentation function
where E i and E h are the parton and hadron energies respectively, and we sum over all possible partons. Here we will consider only one parton, the folded gluong, as well as only one hadron, the 0 ++ glueball, orG. Fragmentation to higher mass states such as 2 ++ and 0 −+ that do not mix with the Higgs would result in missing energy since they escape detection. For our purposes, we only need to assume that the fragmentation fraction into the 0 ++ state is constant with energy. This is a good approximation for f-gluon energies much greater than MG, which is the case here. Since here we are mainly interested in the form of the distribution of displaced vertices this will not affect our results (see below) , which just need only be multiplied by this constant, rG 0 . Estimates [27] using a thermal model for a pure glue theory give rG 0 (0.5 − 0.6). On the other hand, the results can be affected by the presence of soft f-gluon radiation in between the two hard f-gluons. These would result in a few additional, slower moving f-glueballs. Since our calculation only considers the fragmentation from the hard f-gluons, it should be considered a lower limit to the number of displaced vertices for a given value of rG 0 . Defining the glueball momentum fraction x = EG/Eg, the availability of only one hadron for the gluon to fragment into results in the simple energy-conservation constraint
where
In general, fragmentation functions are parametrized and fit to data at some energy, and then they are evolved using the DGLAP evolution equations in order to use them at different energies. This method is not available to us since we are trying to predict the glueball signal. However we can model DG g (x) at a given input energy s 0 with a simple parametrization and impose constraints to reduce our ignorance of the fragmentation process. We start with the simple two-parameter form 4) where N v and β are free parameters, and we should read this as DG g (x, s 0 ). This simple expression encodes the fact that we expect the fragmentation function to fall to zero for values of x not too far from 1.
However, this is not a good parametrization at low x. For one, the fragmentation should also fall to zero at very low x, where it is expected that is dominated by singularities in the gluon splitting function. The DGLAP evolution of DG g (x, s) is given by
where for simplicity we denoted the f-gluon to f-glueball fragmentation function as D(x, s), and the evolution will only depend on the folded gluon splitting function Pgg. If we use the corresponding gluon-gluon QCD splitting function to NLO [40] , the singularities in Pgg at low x in (3.5) dominate and result in [41] 
with b the coefficient of the folded SU (3) B color beta-function. The low x form of the fragmentation function is valid up to about
Thus, we will use this form of D(x, s) up to some appropriate value of x and then match it to the form in (3.4) valid for larger values of x. An additional constraint on the fragmentation function is that its integral results in the average glueball multiplicity n . This is
Then, a strategy to model the fragmentation of gluons into glueballs can be the following: start at an arbitrary energy scale s 0 . Then choose a value of the power β in (3.4) . This choice will turn out to be equivalent to measuring the average multiplicity at s 0 . Then, we match the two forms (3.4) and (3.6) at some appropriate value of x and finally impose energy conservation (3.2). This procedure determines D(x, s 0 ) (and also n(s 0 ) ). Then we can use the DGLAP evolution (3.5) to obtain D(x, s) at any other desired energy scale. It will be convenient to impose the DGLAP evolution directly on the average multiplicity. The key observation is that the average multiplicity is completely dominated by small values of x. As a result it is an excellent approximation to use the following form of the energy dependence for the average multiplicity [41] n(s) ∝ e From bottom to top: 300 GeV, 500 GeV, 700 GeV and 900 GeV. Here we fix the matching value as x M = 0.1, and used MG = 15 GeV.
parameterizations (3.6) and (3.4) to obtain D(x, s)
. Imposing a value of the average multiplicity at s 0 is equivalent to choosing an initial value of β in (3.4). The result of this process starting with β = 1 at s 0 = 200 GeV is shown in Figure 3 . We see that as the reference energy increases, the large x contributions are suppressed in favor of the low x.
In the language of the parametrization (3.4) this corresponds to increasing the power β.
The corresponding average multiplicity as a function of the energy is shown in Figure 4 . The input value is taken to be n(s 0 ) 2.5 for s 0 = 200 GeV, which corresponds to choosing β = 1 for large x at that energy. We choose s 0 to have a value safely higher than any possible value for MG. Although this value for the parameter β at s 0 , and therefore the normalization of the average multiplicity is a priori arbitrary, it reflects the simplest parametrization of the large momentum fraction region, i.e. a linearly falling fragmentation.
The choice of β 1 for s 0 is also suggested by the similarity observed between the glueball wave-function and that of the π 0 , as obtained in QCD sum rules [42, 43] . This implies that the fragmentation function of a gluon into a glueball is similar to the one of valence quarks into π 0 , as it is pointed out in [44] . The relevant fits to the parametrization (3.4) valid at large x can be found, for instance, in [45] , where we see that β 1 correctly reproduces the average multiplicity. The more sophisticated parameterizations [46] currently used, for instance, for the pion fragmentation function are next-to-leading order and are designed to be valid for both small and high momentum fractions. Ultimately, this input parameter can be fixed by using a Monte Carlo simulation of the parton shower in a quarkless model of QCD, i.e. a simulation of the F-SUSY low energy theory. This would greatly reduce the uncertainty in the model for D(x). In the meantime, having a model for the fragmentation allows us to make estimates of the qualitative behavior of the signal in detectors.
One remaining arbitrary parameter of the model is the value of the momentum fraction x M used to match the low and high x behaviors of the fragmentation function. In Figure 5 we vary its value in order to study the sensitivity of the result to this choice. We fix the gluon energy at 500 GeV and use for the matching momentum fraction three values x M = 0.07, 0.10, 0.13. From the figure we see that the systematic uncertainty associated with this parameter is not too large, especially if we consider this as a useful model of the fragmentation function that will allow us to simulate the distribution of the displaced vertices in a detector. To quantify the uncertainty we look at the average multiplicity resulting from these three choices: n(500 GeV) = 3.60, 3.50, 3.36, and see that it is not such a large variation. As we will see in the next section, the largest uncertainty in the prediction for the distribution of displaced vertices from glueball production and decays will be the glueball mass.
Displaced Vertices from Glueballs
Armed with the gluon-to-glueball fragmentation function D(x, s) we are now in the position to predict the distribution of displaced vertices generated once they decay back to SM states. Assuming that the gluon fragments into a glueball promptly, the number of displaced vertices as a function of the decay length L is given by
where we have definedLG
which is the decay length determined by the glueball lifetime τG. As seen in (4.2), it depends on the energy fraction of the glueball, x/x min which is simply the γ factor. In order to compute the distribution in (4.1) we need to know the glueball lifetime, which depends crucially on details of the model since τG is typically determined by a higher dimensional operator mixing the 0 ++ glueball with the Higgs boson. This is given by [12, 26] 
where y t is the top Yukawa coupling and it is assumed that mt 1 = mt 2 = mt. Then, the resulting glueball decay width to a given SM final state is
Here, the Higgs decay width to the SM final state corresponds to that of an off-shell Higgs, and it must be evaluated with the replacement m h → MG. Also in (4.5) we defined the hadronic matrix element creating the glueball from the gluon operator defined by 6) with fG the glueball decay constant. Lattice studies result in [47] 4πα
Since the Higgs decay width back to the SM goes like ∼ MG we see that the lifetime scales as
Thus, the glueball lifetime is extremely sensitive to the details resulting in the glueball mass.
To illustrate this point we show the distribution of displaced vertices as a function of the distance to the glueball production point for three values of the glueball mass: MG = 15, 20 and 30 GeV in Figures 6 and 7 . In Figure 6 we plot the number of displaced vertices as a function of the distance from the production point for MG = 15 GeV, for three values of the masses of the squarks whose annihilation gives rise to the hard folded gluons hadronizing into glueballs. The vertical lines correspond to the approximate positions of the different sections of an idealized version of the ATLAS detector 1 starting from the trackers, then the electromagnetic and hadronic calorimeters and all the way to the muon systems going out to about 10 meters. The horizontal lines are the average multiplicities for each value of the squark mass. For instance, we see that even for relatively small masses such as mq R = 300 GeV an important fraction of the displaced vertices occur in or beyond the muon system (about 1/3), with about half of the events in the calorimeters. For the larger squark masses, most of the events within the detector will be in the muon system, although the majority of the displaced vertices will be beyond it. The situation changes drastically as the glueball mass is increased. In Figure 7 we show the distribution of displaced vertices for MG = 20 GeV (left) and MG = 30 GeV (right). For instance, for MG = 20 GeV we see that for mq R = 300 GeV almost all displaced vertices would be in the electromagnetic calorimeter. For the most massive case, mq R = 700 GeV, almost 2/3 of the events are inside the detector, with roughly half of them in the calorimeters and the other half in the muon system. For MG = 30 GeV, we see that all of the events are inside the detector even for the larger squark masses considered, with a large fraction in the electromagnetic calorimeter. Thus, even relatively small changes in the glueball mass would lead to a very different distribution of displaced vertices. This calls for developing strategies for searching for displaced vertices in all segments of the LHC detectors. In particular, since folded glueballs in FSUSY decay preferentially to a pair of b quarks, detections of these should be made possible in all detector components, not just the hadronic calorimeter. Figure 6 . Distribution of displaced vertices for mq = 300, 500 and 700 GeV, and MG = 15 GeV. The vertical axis, Ndv is the number of displaced vertices as a function of distance L from the primary, normalized by rG 0 , the f-gluon fragmentation fraction into the 0 ++ glueball. The vertical lines indicate approximate boundaries of the inner tracker, electromagnetic calorimeter, hadronic calorimeter and muon system of the ATLAS detector. The horizontal dotted lines correspond to the average multiplicity for each of the three cases for the squark masses, from bottom to top: 300 GeV, 500 GeV and 700 GeV.
There can be other theories with glueballs or other low lying states with long lifetimes induced, for instance, by higher dimensional operators such as in FSUSY. Although some of the details may be different, the procedure to obtain the fragmentation function and then the distribution of displaced vertices is analogous to what was done above.
Depending on the folded gluon energy resulting from the f-squark annihilation, as well as on the glueball mass, the number of displaced vertices inside the detector on each side of the event can be larger than one. This presents a challenge for the searches for these events at ATLAS and CMS. The modeling of the glueball fragmentation function allows us to have a more detailed knowledge of the multiplicity and of the location of the displaced vertices as a function of the parameters of the models.
Searches for long-lived particles need to include the possibility of having the kind of secondary vertex topology that appears in these models. For instance in [48] the ATLAS collaboration considers three kinds of models: a singlet scalar decaying to two long-lived scalars each decaying to two jets, stealth SUSY and a hidden-valley model where a Z decays to several long-lived scalar. In the first two cases the signal contains two displaced vertices with two-jet pairs which are somewhat back to back. This search requires two displaced vertices (either in the inner detector or in the muon system or one in each). This situation is reproduced in the folded gluon fragmentation into glueballs for rather light f-squarks and small glueball masses (e.g. top curve in Fig 6, for mq R = 300 GeV), although the decays tend to happen in the calorimeters instead. On the other hand, for larger values of mq R Figure 7 . Same as Figure 6 , but for MG = 20 GeV (left) and MG = 30 GeV (right).
(bottom two curves of Figure 6 ), there maybe even less than two displaced vertices inside the detector. In these cases it is important to look for large values of missing transverse energy.
When there are more than two displaced vertices in the event such as in the second half of the top curve of Figure 6 or in Figure 7 , the high multiplicity may result in failing isolation cuts. Although in these cases it is possible that some of the decays are outside the detector and give large missing transverse energy, it may be also possible to make use of the topology of the event which is still dominated by two well separated clusters almost back to back resulting from the very energetic folded gluons. A combination of the reconstruction of some of the displaced vertices, the topology of the multi-jet event and some missing E T may be needed to isolate these events from background. In any case, an increased efficiency for the reconstruction of displaced vertices in all detector segments might be necessary, particularly in the muon system.
On the other hand, the CMS collaboration [49] has done a study using a benchmark model with the pair production of two long-lived scalars decaying to jets similar to the first model considered by ATLAS in [48] . However, in this analysis displaced vertices are not fully reconstructed but identified by "displaced jets" variables. These are used as selection criteria for jets, and then each event selected will contain a number of jets tagged as displaced. This study is, in principle, not limited by the number of tagged jets to a fix number of displaced vertices and could be an adequate framework for the case with many folded glueballs. More detailed studies following the experimental strategies and making use of the information from fragmentation are left for future work.
Conclusions
Theories with hidden strong sectors may result in low lying states without interactions with SM matter, but which can decay back to the SM via higher dimensional operators. In this paper we studied the case of FSUSY glueballs produced through the annihilation of electro-weakly produced folded squark pairs. The f-squarks annihilate into hard f-gluons which then hadronize into f-glueballs. Although in general f-gluons would hadronize into several f-glueball states we have only considered the lowest lying one, 0 ++ , since it can be detected via its mixing with the Higgs. The fragmentation fraction into 0 ++ , rG 0 , is expected to be a constant with energy for the case we study here. Our results for the number of displaced vertices should then be multiplied by it, which can be estimated using a thermal model to be rG 0 (0.5 − 0.6).
We have modeled the glueball fragmentation process obtaining a fragmentation function. This was achieved by appropriately parameterizing the low and high momentum fraction regions of the fragmentation function. At low momentum fractions the parametrization is chosen to be compatible with the known behavior of the average multiplicity in (3.10). A simple parametrization for the region of high momentum fraction, that of (3.4), is used as initial input. Imposing energy conservation through (3.2) and the average multiplicity (3.9) we fix all parameters at a given input energy s 0 except one. We take this to be the value of β in (3.4) at the input energy s 0 , which determines n(s 0 ) by fixing the overall energy-independent constant in (3.10). Once this is done, the energy dependence of the fragmentation function D(x, s) is fixed by DGLAP evolution. This is taken into account by imposing (3.10) on the integral of the fragmentation function D(x, s) resulting in the average multiplicity, equation (3.9) . This translates into a DGLAP evolution of the parameters for D(x, s) in both the small as well as the large momentum fraction regimes. The scale where these two parameterizations are matched, x M is also free parameter but is approximately given by (3.8), which determines the validity of the low momentum-fraction region. As seen in Figure 5 , variation of x M about a reasonable range compatible with (3.8) does not result in dramatic changes in the fragmentation function. Thus, the main parametric freedom can be traced back to the overall normalization of (3.10), or the reference value of the parameter β in (3.4) for a given energy s 0 . We have used β = 1 for s 0 = 200 GeV, which results in reasonable values of the average multiplicity. This linear parametrization for the reference value is inspired by a similar one successfully used for the neutral pion. Ultimately, this arbitrariness can be removed by using a parton shower simulation in FSUSY to compute the average multiplicity at the reference energy s 0 . This would result in a much less uncertain glueball fragmentation function, which can then be used with more confidence to extract model information from events with displaced vertices.
In Section 4 we have made use of these folded glueball fragmentation functions to obtain the distribution of displaced vertices at a typical LHC experiment resulting from the production and subsequent annihilation of the lightest matter states in FSUSY, a pair of right-handed f-squarks. The annihilation into a pair of hard f-gluons and their fragmentation into glueballs would provide the first signal of FSUSY that is associated with the existence of a hidden glue sector, a critical component of the theory. Our results show that it is likely that there will be more than one displaced vertex per side of the event. Also, depending on the details of the theory and most dramatically on the glueball mass, the distribution of these vertices can fall almost anywhere in a typical LHC detector. In Figures 6 and 7 we exemplified this point by choosing three values of the glueball mass, and various values for the right-handed squark masses that define the hard f-gluon energy. We see that for the lighter glueball mass preferred by our estimates, i.e. MG = 15 GeV, most of the displaced vertices occur in the outer elements of the detector, such as the muon systems or even beyond, as seen in Figure 6 . On the other hand, since the computation of the glueball mass is rather uncertain, if we allow for somewhat larger values of MG, the situation changes dramatically and most of the events are contained in the inner segments of the detector. It will be important then to develop searches capable of observing multi-vertex events in virtually any part of the detector, and possibly in more than one element at the same time.
Since the cross sections producing these events are below a 1f b (see Figure 1 ) large luminosities will be necessary to see this physics above background. This study is a step in the direction of modeling the ensuing multi-displaced vertex signals. Next, it will be necessary to fix further the parameters of the glueball fragmentation function by "measuring" the average multiplicity at one value of the energy in a Monte Carlo shower simulation. This would put our results for D(x, s) on a better footing. Finally, a better modeling of the glueballs resulting from soft f-gluon radiation in the event after f-squark annihilation, would be helpful before a detailed simulation for high luminosities is undertaken.
